Multivariable Calculus
Quiz 12 SOLUTIONS

1) Verify that the vector field F' below is conservative. Then find a potential function f
so that FF' = V f.

F(z,y,z2) = <3x2y2z, 22%yz — 2y +sin(z), 23y* + ycos(z)>

Solution: We first check that this vector field is conservative.

P, =62%yz = Q, v
P, = 32%y* = R, v
Q. = 27°y + cos(z) = R, v

To find the potential function, we can begin with

fla,y,2) = /3-%’2@/22 dr = °y*z + g(y, 2).
Taking the y-partial gives us

fy(@,y,2) = 223y 2 + gy(y, 2) = 22%yz — 2y + sin(z2),
91/(3/7 Z) - _2y + SiH(Z),
9(y,z) = —y* + ysin(z) + h(z).

which means
f(z,y,2) = y?z — vyt + ysin(z) + h(z).
Finally,

Fulry, 2) = 2%+ yeos(z) + W (z) = 2 + yeos(z),
h'(z) =0,
h(z) =C.

So, the family of potential functions for F' is given by

f(z,y,2) = 2°y*z — y* + ysin(z) + C.

TURN OVER



2) Compute the line integral

/C<ln(y +1) Qxy >

where C is the curve shown below (which begins at (1,0) and ends at (2,2)).

3

Solution: Note that the vector field is conservative!
2

P, = =X v

This means the line integral above only depends on the two endpoints. To find the
potential function, we compute

flz,y) = / (ln (y2 + 1) — Qw) dr =zIn(y? +1) — 2° + g(y).

Since ) )
_ 2wy o 2y
fy(x,y)—y2+1+g(y) i

we can simply take g(y) = 0. This gives us the potential function

flz,y) = xln(y® +1) — 2°.

Finally,

/C<1n (v +1) — 2z, 22y >-d77:f(2,2)—f(170)

y? +1
= (2In(5) —4) — (1In(1) — 1)
=2In(5) —3



